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SYNOPSIS
The hypothesis is advanced that the stress-strain diagram for con-
crete under short-time loading consists of two linear parts, one repre-
senting elastic behavior and the other representing plastic behavior.
The former is measured by the "modular ratio," which is defined as the
ratio of the modulus of elasticity of steel to the initial modulus of
elasticity of concrete. The latter is measured by the "plasticity ratio,"
which is defined herein as the ratio of the plastic strain to the total
strain at rupture of the concrete. Furthermore, the hypothesis is ad-
vanced that the plasticity ratio, like the modular ratio, is a function of
the compressive strength of the concrete. Based on these hypotheses,
formulas are derived for the ultimate strength of beams reinforced in
tension only. Comparisons are made with the results of tests which
have been reported by various investigators.

ULTIMATE STRENGTH OF REINFORCED CONCRETE
BEAMS AS RELATED TO THE PLASTICITY
RATIO OF CONCRETE
I. INTRODUCTION
1. Introduction.-In the investigation of the effect of concentrated
loads on reinforced concrete bridge slabs it has been necessary to plan
and interpret tests of reinforced concrete sections of various kinds. As
a basis for the interpretation of such tests it has been further necessary
to draw upon the fund of knowledge which has been accumulating in
the field of reinforced concrete over a period of more than forty years.
For the most part this knowledge is based upon tests of simple beams.
It is apparent that a clear understanding of the behavior of a beam
must precede any attempt to explain the behavior of a slab. This is
because the problem of the slab involves additional variables such as
lateral and transverse distribution of moment and orientation of rein-
forcement with respect to the principal directions of moment.
One might assume that the ordinary theory of reinforced concrete
(based on a linear distribution of stresses, excluding tension in the
concrete, and including the effect of a modular ratio n = E,/Ec) was
so well established as to be accepted in all of its implications. If such
were the case, the entire discrepancy between measured and calculated
effects would rest in the theory of elasticity except for possible errors
of measurement.
As early as 1905 Talbot* recognized that, "even if the straight-
line relation be accepted as sufficient for use with ordinary working
stresses, the parabolic or other variable relation must be used in dis-
cussing experimental data when any considerable deformation is de-
veloped in the concrete." Since that time many proposals have been
made for improving reinforced concrete design, but the straight line
relation has remained the basis of design of flexural members. Sharp
difference of opinion exists, especially between European and American
authorities, as to appropriate values of the modular ratio, and in par-
ticular as to the desirability of confining the modular ratio to a single
value.
In recent years the criticisms of the ordinary straight line theory
have given rise to proposals for the abandonment of the modular ratio
*Arthur N. Talbot, "Tests of Reinforced Concrete Beams-Series of 1905," Univ. of Ill. Eng.
Exp. Sta. Bul. 4, 1906, p. 7.
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n in favor of formulas based on various theories of plastic action.*
In all of these theories emphasis is placed upon the load at final rup-
ture of the beams. The wisdom of such emphasis is open to question,
especially when the attempt is made to develop a constant factor of
safety, based on ultimate load, for all percentages of steel.
The question of ultimate load is receiving greater attention today
due to the interest in "balanced design." This name has been given to
a method of design whereby the various parts of a structure are pro-
portioned so as to have a nearly constant ultimate strength in terms
of applied live loads. The question of ultimate load is also related to
the problem of "balanced reinforcement" when this term is used to
denote the percentage of reinforcement required to develop the full
compressive strength of the concrete in a flexural member.
In this bulletin an attempt is made to formulate a sufficiently com-
plete theory to predict the ultimate strength of rectangular beams, re-
inforced in tension only, loaded so as to undergo constant maximum
moment over a portion of the beams. It is believed that the theory
presented herein will give the research worker a better understanding
of the fundamental behavior of the reinforced concrete beam. It does
not follow that any of the formulas given herein should necessarily be
used in design. It is recognized that simple and safe approximations
may properly be used as design formulas.
2. Acknowledgment.-The study reported in this bulletin was made
as a part of an investigation of the effect of concentrated loads on
reinforced concrete bridge slabs being conducted in the Engineering
Experiment Station in cooperation with the Public Roads Administra-
tion of the Federal Works Agency and the Illinois Division of High-
ways. The project is under the administrative direction of DEAN M. L.
ENGER, Director of the Engineering Experiment Station, PROFESSOR
W. C. HUNTINGTON, Head of the Department of Civil Engineering,
and PROFESSOR F. B. SEELY, Head of the Department of Theoreti-
*(1) Rudolf Saliger, "Bruchzustand und Sicherheit im Eisenbetonbalken," Beton und Eisen,
Vol. 35, No. 19, Oct. 5, 1936, pp. 317-320 and No. 20, Oct. 20, 1936, pp. 339-346.
(2) Fritz v. Emperger, "Der Beiwert 'n'," Beton und Eisen, Vol. 35, No. 19, Oct. 5, 1936,
pp. 324-332.
(3) K. Hajnal-Konyi, "The Modular Ratio, A New Method of Design Omitting m," Con-
crete and Constructional Engineering, Vol. 32, 1937, pp. 11-26, 129-132, 189-208. Discussion, same
volume, pp. 293-305, 365-375, 432-444, 489-494, 505-508, 517-531, 599-600. Also associated with the
new theories are the names Stiissi, Schreyer, Steuermann, Kazinczy, Gebauer, Bittner, Michielsen,
Brandtzaeg, Ros, Rengers, and others.
(4) Charles S. Whitney, "Design of Reinforced Concrete Members under Flexure or Com-
bined Flexure and Direct Compression," Jnl. Am. Cone. Inst., March-April 1937, pp. 483-498(Proc. A.C.I. Vol. 33). Discussion, Proc. Vol. 33, pp. (498-1) to (498-35). Also: "Plastic Theory
of Reinforced Concrete Design," Proc. Am. Soc. C. E., Vol. 66, No. 10, Dec. 1940, pp. 1749-1780.
Discussion, Proc. Feb. 1941, pp. 260-264; Mar. 1941, pp. 491-500; April 1941, pp. 667-670; May
1941, pp. 950-957; June 1941, pp. 1127-1136; Sept. 1941, pp. 1245-1255.
(5) Kenneth C. Cox, "Tests of Reinforced Concrete Beams with Recommendations for
Attaining Balanced Design," Jnl. Am. Cone. Inst., Sept. 1941, pp. 65 to 80. Discussion, Jnl.
A.C.I., June 1942, pp. (80-1) to (80-11).
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FIG. 1. PARABOLIC STRESS-STRAIN FIG. 2. COMPRESSIVE STRESS DISTRIBU-
DIAGRAM FOR CONCRETE TION IN BEAMS ACCORDING TO TALBOT
cal and Applied Mechanics. F. E. RICHART, Research Professor of
Engineering Materials, gives general supervision to the work of the
investigation.
An Advisory Committee consisting of representatives of the three
cooperating agencies is in general charge of the program of the
investigation.
Particular acknowledgment is made to PROFESSORS F. E. RICHART
and N. M. NEWMARK for their encouragement and for their helpful
suggestions which have been generously given throughout this study.
II. ANALYSIS OF BEAMS FOR ULTIMATE STRENGTH AND DEFLECTION
3. Stresses and Strains in Concrete; Concept of Plasticity Ratio.-
In his various researches with plain and reinforced concrete Talbot
adopted the stress-strain diagram shown in Fig. 1 as typical for con-
crete tested in compression. Various parts of this stress distribution
were then assumed to accompany a linear distribution of strains in the
compression side of a beam as shown in Fig. 2. The final distribution
of stress shown in Fig. 2 (c) was assumed to be attainable only when a
large enough percentage of steel was provided to develop the full
strength of the concrete. However, Talbot recognized that a maximum
strain could be developed in the extreme fiber of the beam which was
greater than the strain corresponding to the maximum stress deter-
mined in the compression test.
More recently stress-strain diagrams have been reported* for con-
crete tested in compression in a manner which permitted strains and
*See footnote p. 10, items (1) and (2).
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FIG. 3. POSSIBLE STRESS-STRAIN DIAGRAM FIG. 4. APPROXIMATE STRESS DISTRI-
FOR CONCRETE AT STRAINS APPROACH- BUTIONS APPLIED TO BEAMS
ING RUPTURE-SALIGER
loads to be observed up to the instant of collapse of the specimen. A
diagram of this kind is shown in Fig. 3. Applied to the compression
side of a beam, approximations to this stress distribution in the form
of a rectangle* or in the form of a trapezoidt have been made as
shown in Fig. 4. The validity of the decreasing stress shown in Fig. 3
has been questioned, but it appears reasonable that resistance to load
does not necessarily stop suddenly at the maximum stress developed
in the test. The exact shape of the diagram beyond the maximum stress
may, however, be very sensitive to the rate of application of the
stress and to the shape of the test specimen. Furthermore, the assump-
tion that the maximum stress developed in a 6-in. by 12-in. cylinder
will be the maximum stress developed in a beam is open to question.
The effect of size and shape of specimen on the compressive strength
of concrete is recognized. To determine the strength for any one shape
and size of compressive specimen and to apply this strength to beams
which vary in size and shape involves pure assumption, and is subject
to errors having an order of magnitude which might possibly be in the
neighborhood of 10 per cent. This is shown by variations in compres-
sive strength which have been observed for compressive specimens of
different size and shape.
Considerable error in estimating the compressive strength of the
concrete has little effect on the estimated strength of a beam which
fails by tension in the steel. This is true no matter what distribution
of compressive stress is assumed to exist in the beam at failure. The
calculated moment arm, jd, of the tensile strength of the steel at the
yield point, Afy, is not sensitive to wide variations in the strength
of the concrete or to wide variations in the distribution of the com-
*See footnote p. 10, items (1), (3), (4), and (5).
tSee footnote p. 10, item (2).
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pressive stresses. This is shown by a study of the formulas for jd
given in Fig. 5 for various assumed distributions of compressive stress.
If, however, the beam is over-reinforced so as to produce a compressive
failure in the concrete before the yield point of the steel has been
reached; the calculated strength of the beam is materially influenced
by both the intensity and the distribution of the compressive stresses.
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FIG. 6. TYPICAL STRESS-STRAIN CURVES FOR CONCRETE MADE
WITH GRAVEL AGGREGATE
In all of the theories of failure that have been offered to date, a
typical stress-strain diagram has been assumed for concrete in com-
pression. Actually no single curve is typical of all concrete even up to
the maximum stress developed. This is shown in Fig. 6, where stress-
strain diagrams are given for concretes of varying strength. All of the
data are for 6-in. by 12-in. cylinders moist cured and tested moist at
28 days. It is to be noted that, up to the maximum stress developed,
the higher strength concretes exhibit a more nearly linear stress-strain
diagram, whereas the lower strength concretes exhibit a diagram more
nearly like a second degree parabola. For strains beyond those which
accompany maximum stress, the difference in the curves is uncertain,
and is likely to be greatly influenced by the speed of testing. One
characteristic difference, apparent from tests, is that the lower strength
concretes fail more gradually than those of higher strength, the strains
at final rupture being several times as great for exceedingly low
strength concretes as for those of high strength. The higher strength
concretes are likely to fail suddenly, final rupture occurring almost
immediately after the maximum load is reached.
For the purpose of the theory developed herein, a typical set of
stress-strain curves extended to rupture for gravel concrete will be
assumed as shown in Fig. 7 (a). These curves are then further idealized,
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FIG. 7. STRESS-STRAIN CURVES AND IDEALIZED CURVES FOR CONCRETES
OF DIFFERENT STRENGTHS
in that they are represented by a family of trapezoids, as shown in
Fig. 7(b). This family of curves is sufficiently broad in scope to cover
all grades of concrete, from the highest to the lowest strength. The
proportions of the trapezoidal diagram for a given compressive
strength of concrete, fe', depend upon two coefficients, namely Ec, the
initial modulus of elasticity of the concrete, and P, the ratio of the
plastic deformation to the total deformation of the concrete at rupture,
defined herein as the "plasticity ratio."
Consider first the initial modulus of elasticity of concrete. For con-
cretes made with gravel or crushed stone, a satisfactory determination
of Ec may be made from the following empirical formula for the
modular ratio
E, 10 000
n -- = 5 +- (1)E, f
Here f,' is the numerical value of the compressive strength of 6-in. by
12-in. cylinders expressed in pounds per square inch. The formula is
simple and easy to use. Variations of n and Ec with f,' are shown in
Fig. 8, the curve for Ec being based on Es = 30(10)6 pounds per square
inch. The plotted points in Fig. 8 are experimental values of Ec appli-
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FIG. 8. MODULAR RATIO AND MODULUS OF ELASTICITY OF CONCRETE
cable to concretes made with gravel and limestone aggregates and
taken from Bulletin 237.* Other comparisons with experimental data
may be made, as for example with the collected data given by N. H.
Roy and F. E. Richart.t Such a comparison will show that there is a
wide spread in the measured values of Ec, but that Equation (1) is a
fair representation of the trend of variation of Ec with f,'.
Consider next the plasticity ratio. The existence of this factor is
recognized qualitatively through the behavior of concrete compression
specimens at loads near rupture. The sudden rupture of the specimen
of high strength, almost immediately after the maximum load is
*"Tests of Plain and Reinforced Concrete Made With Haydite Aggregates," Univ. of Ill.
Eng. Exp. Sta., Bul. 237, October. 1931.
tN. H. Roy and F. E. Richart, Discussion of Paper by Hardy Cross, "Design of Reinforced
Concrete Columns Subject to Flexure," Proc. Am. Cone. Inst., Vol. 25, 1930, p. 775.
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reached, and the gradual break-down of the specimen of low strength
while the load remains practically constant at its maximum value, give
evidence that the horizontal portion of the idealized stress-strain
diagram is relatively small for concretes of high strength and relatively
large for concretes of low strength. If e1 denotes the total concrete
strain at final rupture and /c:e denotes the plastic strain corresponding
to the horizontal portion of the diagram, then the extreme range of
numerical values of /3 is from zero to one. Unfortunately, few direct
measurements are available for determining p. Until a more satis-
factory representation is available, it is proposed, for concretes made
with gravel or crushed stone, that an entirely empirical relationship be
used in the form
1
f = / , (2)
\ 4000 /
where, as in Equation (1), fe' represents the numerical value of the
compressive strength of concrete when expressed in pounds per square
inch. This factor is easily computed and is to be regarded as a char-
acteristic of the concrete. The variation of /3 with f,' according to
Equation (2) is shown in Fig. 9. Later research may indicate that
Equation (2) should be modified or that a different formula should be
used in its place.
The important feature brought out here is that there are actually
two characteristics necessary to describe the stress-strain relationship
of concrete all the way to rupture, the modular ratio and the plasticity
ratio. These characteristics are defined empirically by Equations (1)
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FIG. 10. IDEALIZED STRESS-STRAIN RELATION
FOR CONCRETE
and (2). The complete trapezoidal stress-strain diagram is thus de-
termined by fc' since n, Ec, and p are known from (1) and (2), and
since the strains defined in Fig. 10 are obtainable from the equations
=o - , ei = . (3)
Ec (1 - #) Ec
4. Stresses and Strains in Reinforcing Steel.-For reinforcing steels
which possess a marked yield point a portion of the stress-strain
diagram may be idealized as shown in Fig. 11. There seems to be no
simple law to express the relative extent of the horizontal part of the
curve, nor to express the slope, Eo, of the diagram to the right of the
horizontal portion of the curve. This slope has been measured vari-
ously at from one-half million to two million pounds per square inch.
The characteristics of the curve near the yield point and beyond are
doubtless materially affected by the relative cooling of the bar during
rolling, as well as by the composition of the steel, the size of the bar,
and the speed of testing.
The three linear relations between stress and strain described in
Fig. 11 may be expressed as follows:
f, = Ee, for E, < ey
f. = fy for E, < e, < ey' (4)
f- = f + Eoe, for e, > ey'.
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A complete representation of the diagram shown in Fig. 11 is possible
when fy, c,', and Eo are measured since it is sufficiently accurate to
assume E, = 3 0 ( 10 ) 6 pounds per square inch and since
eY = (5)
EB,
and
fo = f, - Eoue'. (6)
Measured values of e,' between 0.005 and 0.020 are common.
In the discussion of the ultimate strength of beams it will be shown
that the steel stress at rupture of the beam may be in any one of the
three ranges represented in Equation (4); that is, at rupture of the
beam the stress in the steel may be (1) less than the yield point,
(2) at the yield point, (3) greater than the yield point. Saliger*
pointed out these three possibilities, but gave an unsatisfactory expla-
nation of the theoretical basis for the third condition. The particular
condition which will apply to a given beam will depend on the prop-
erties of the steel and concrete, and on the percentage of reinforcement.
For reinforcing steels which do not have a marked yield point, no
sharp classification can be made as to the nature of the steel stress at
rupture of the beam. For a given concrete reinforced with such steel
the stress in the steel at failure of the beam decreases gradually
with an increase in the percentage of steel used, as will be discussed
later.
*See footnote p. 10, item (1).
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5. Ultimate Strength of Rectangular Beams Reinforced in Tension
Only.-A beam, tested in flexure under gradually applied loads, may
fail in a number of ways, including diagonal tension, bond, tension in
the steel, compression in the concrete, local failure at supports or
hooks, and various combinations of these. In this discussion the only
types of failure to be considered are tension in the steel and compres-
sion in the concrete. In all that follows it is assumed that the beam
has adequate strength against diagonal tension or bond failure.
The distribution of strain on a section normal to the axis of the
beam is assumed to be linear. By "strain" is meant the unit strain in
the transformed section which excludes concrete in tension. The dis-
tribution of strain in the concrete from top to bottom of the beam
after cracking is, of course, not linear. This non-linearity is, however,
of no significance in the analysis. The ultimate load on a beam is
assumed to be reached when the compressive strain in the extreme
fiber at a cracked section reaches the value e, given by Equation (3),
namely,
(1 - 3) E '
regardless of the tensile strain in the steel. If the steel yields before the
ultimate load is reached, it will continue to deform with increase in
load until finally the concrete crushes. Under these assumptions the
distribution of strain in the cross-section of the beam at rupture may
be represented as shown in the left-hand portion of Fig. 12.
Corresponding to the linear distribution of strain in the concrete
there is a trapezoidal distribution of stress shown in Fig. 12. If the
depth to the neutral axis is denoted by a and the width of the beam is
b, it is easily determined that the total compressive force in the
concrete is
C =- abff
2
and that its line of action is at the depth given in Fig. 12. If f, repre-
sents the stress in the steel at rupture of the beam, the equality of the
total tension in the steel and the total compressive force in the concrete
requires that
C=T
or
--- ab f' = pbdf,.
2
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From this equation the relative depth to the neutral axis is found
to be
a 2 pf,
d 1+±3 f'
The ultimate resisting moment produced by the couple shown in
Fig. 12, found by evaluating
S 1+13±+32
MAut. = C d - I+ +2-
1+/ 3
is given by the equation
M . _ a 1 +13
bd 2f f d 2
1+ 13+ 1 a
6 d
When (7) is substituted into (8), the resulting equation is
Muit.
bd2 f
Pf 1 pf_
f' N f '
wherein N is a constant for any strength of concrete and is given
by the formula
3 (1 + 3)2N = (10)
2(1+/3 +32)
For various strengths of concrete, provided that 3 is related to f'
according to Equation (2), the factor N takes values as follows:
S3 (1 + )2
psi. 2 (1 + 0 + 2)
1000 2.00
2000 1.99
3000 1.97
4000 1.93
5000 1.88
6000 1.83
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FIG. 13. STEEL STRESS AT ULTIMATE LOAD ON BEAM FROM EQUATION (14)
AND FROM STRESS-STRAIN DIAGRAM FOR STEEL
~1~~
FIG. 14. RELATION BETWEEN f, AND E, AT RUPTURE OF BEAM
BY EQUATION (14) FOR 3000-LB. CONCRETE
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Since pf,/f,' is small, it is sufficiently accurate for practical purposes
to take N = 2. Then Equation (9) becomes
Mut. pf 1 1 pf,
bd2 f f \f 2 f)
Thus far the equations have been perfectly general, applying to
all concrete strengths, and to all percentages and qualities of steel.
However, the numerical value of f, to be used in Equation (11) is
still undetermined. From the strain relations given in Fig. 12 note
that
= -- 1 ) = -- 1 -- ) , (12)
= a C-a (1 -(') E '
from which
a 1
d -(13)d (1 - p) Eo
Equating (13) and (7), and solving for f ,, gives
(1 +- ) fP
2pf (1 (14)
(1 - 3) E,
This is one relation between f, and ec at rupture of the beam for
any given strength of concrete and percentage of steel. Figure 13 shows
a typical curve obtained from Equation (14) for a given value of
fc' and of p. Superimposed on this curve is an assumed stress-strain
diagram for steel. Since the relation between f, and c, given by each of
these curves must be satisfied, the intersection between the two curves
gives the value of f, and of ec at rupture of the beam.
A graphical representation of the type given in Fig. 13 is helpful
in visualizing the behavior of simple beams. Figure 14 shows families
of curves determined from Equation (14) for a concrete strength of
3000 pounds per square inch and for percentages of steel varying from
0.2 to 6 per cent. On this figure there are superimposed a number of
possible stress-strain diagrams for steel. From the intersections be-
tween the family of curves and a typical stress-strain diagram for
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FIG. 15. CRITICAL PERCENTAGE OF STEEL, po, FOR COMPRESSION FAILURE
steel, several inferences may be drawn: (1) For low percentages of
steel, the stress in the steel at rupture of the beam may greatly exceed
the yield point; (2) where a given steel has a definite yield point,
there is a range of percentages of steel for which the stress at rupture
of the beam will be the yield point, f,; (3) for high percentages of
steel, rupture of the beam will occur before the yield point of the steel
is reached. Families of curves similar to those shown in Fig. 14 may be
drawn for concretes of other strengths.
To translate the statements just made into quantitative analytical
conditions, reference is made again to the idealized stress-strain dia-
gram shown in Fig. 11 for a steel with a definite yield point. When the
yield point is first reached the strain in the steel is
. = ey = f,/E,
and the stress is f, = fy. If these relations are substituted into Equa-
tion (14), and if the resulting percentage of steel is denoted by Po, it
will be found that
po = K - (15)
wherein
(1 + #3)/2K = (16)
1 (1 - ) (fy
nf"'
Equation (15), with K given by (16), is interpreted as defining the
critical percentage of steel po at which a compression failure occurs in
-
0 0I I
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FIG. 16. FACTOR K TO EXPRESS CRITICAL PERCENTAGE
OF STEEL, po, AS Kfc'/f,
the concrete simultaneously with the stressing of the steel to the yield
point fy.
The variation of po with f,' is shown in Fig. 15 for three values of
yield point, f,. The variation of the coefficient K with fc' and fy is
shown in Fig. 16. It will be seen that the calculated values of K, for a
considerable range of common values of fc' and fy, agree with the par-
ticular values of 0.456 found by Whitney* and 0.47 reported by Cox,*
but that values as high as 0.65 and as low as 0.33 may apply in
particular instances.
The steel stress at rupture of the beam will be less than the yield
point when the percentage of steel p is greater than the critical per-
centage Po. That is
f < fy when P > Po
where po is defined by Equation (15). Under this condition the steel
is elastic and
f, = E,.
Expressing e, in this equation by means of (12) and substituting the
resulting expression for f, into (7) gives a second degree equation in
a/d which has a solution
a 2
- = (17)
d 12 +(1 - 0)
l -pn
This is the relative depth to the neutral axis when p is greater than po
and the failure is by compression. Equation (17) has been put in the
*See footnote p. 10, items (4) and (5).
_-f =40 000psi/ -
0oooo 00
=60 000
f/)
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Fic. 17. VARIATION OF Muit./(bdf'/c') FOR YIELD POINT OF 40 000 PSI.
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FIG. 18. VARIATION OF Muit./(bdiff') FOR YIELD POINT OF 50 000 PSI.
I
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FIG. 19. VARIATION OF Mult./(bd'f,') FOR YIELD POINT OF 60 000 PSI.
p in Per Cent
FIG. 20. VARIATION OF Muit./(bdc)
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most convenient form for calculations, although it may be written
in the form
a / p 2 2pn pnS= )2+ - (17-a)
d 1 - 1 - 02 1 -
When the plasticity ratio 0 is zero, this reduces to the well-known
expression for k, the relative depth to the neutral axis as given by
the ordinary theory.
From Equation (7) the stress in the steel is
(1 + 0) fZ a
2p d
From (17) and (18)
1±=  +  (18.1)
f 12 (1 - 02)
V pn
The ultimate resisting moment may be calculated from Equation (8)
using a/d from (17), or may be calculated from Equation (11) using
pf,/f,' from (18.1).
The variation of Mult./(bd2f') with p and f' is represented graphi-
cally by the portion of the curves applying to compression failure
shown in Figs. 17, 18, and 19. These curves are identical for the
various values of yield point, merely applying to a wider range of
percentages as the yield point is raised. When the failure is by com-
pression, rupture may occur suddenly, without warning, if the con-
crete is of high strength. This is an important fact to consider in
relation to the advisability of using percentages of steel as high as po.
Consider again the idealized stress-strain diagram for steel as
represented in Fig. 11. The steel strain is c~' at the place where stress
just begins to increase above the yield point. If the simultaneous
values
P = Pi, f. = fA, f = ef
be substituted into Equation (14), the second critical percentage is
found to be
fP 1+3
= 2f (19)
1 +(1 -)--) f,
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For percentages of steel greater than pl and less than P0 yielding of
the steel will precede final rupture of the beam. Furthermore, the
stress in the steel at final rupture will be the yield point, and the
strain in the steel will have a value between the limits E, and ey'.
Thus, from Equations (7) and (11), when
p, -< p < p0,
the equations which apply are
a 2 pfy
- -- (20)
d 1+1 f'
Mut. 1 . (21)
bd 2 f fý'  2 f('
Equation (21) is Saliger's equation. Values of Mut./(bdWf') ac-
cording to Equation (21) were used to determine the curves shown in
Figs. 17, 18, and 19 for tension failures in the intermediate ranges of
steel percentage. For each concrete strength and yield point, the
critical percentage of steel po = K f'/f, is indicated on the figure.
The tensile stress in the steel will be greater than the yield point
when the percentage of steel is less than pi, where pi is defined by
Equation (19). Under this condition the stress in the steel is in the
range approximated by the equation
f. = fo + Eoe, (22)
as represented on Fig. 11. By equating (7) and (13), and by substi-
tuting Es from (22) into the resulting equality, a second degree equa-
tion in f, is obtained. Solution for f, yields the equation
f= (A + V A2+ B ) , (23)
2
wherein
A 1 Eo f
1 -4 Eý fo
(24)
Bo f
p 1 - E, fo
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The relative depth to the neutral axis may now be determined from
Equation (7) and the ultimate resisting moment from Equation (11).
For beams which fail at steel stresses above the yield point it
must be remembered that the additional carrying capacity above
that at first yielding is obtained only at the expense of large defor-
mations, and consequently at the expense of large deflections. In
Figs. 17, 18, and 19 the broken line curves for the low percentages of
steel are based on Equation (11), with f, given by (23). Values of ,'
and E 0 were assumed, as indicated on the figures. Different families
of such curves are obtained by making other assumptions regarding
ey' and Eo.
Figure 20 shows the variation of MAut./(bd2) with percentage of
steel for a number of strengths of concrete, and for two yield points of
steel. In this figure the curves for low percentage of steel do not
show the effect of stress above the yield point.
6. Significance of Ultimate Strength.-While the major purpose of
this bulletin is to present a study of the ultimate strength of reinforced
concrete beams from the point of view of analyses and tests, it seems
pertinent to discuss the significance of ultimate strength. In the first
place, it should be recognized that a single point on a diagram repre-
senting ultimate strength versus some variable or combination of vari-
ables is not an adequate representation of the result of a test. This is
recognized in tests of steel where, in addition to ultimate strength, the
yield strength and measures of ductility are reported. In tests of beams
there may or may not be yielding of the reinforcement, depending
upon the type of failure.
The extent of yielding in a beam, when it does occur, is only par-
tially indicated by a ratio of load at yielding to load at rupture. A
more complete picture is given by load-strain diagrams for maximum
strains in the concrete and steel and by a load-deflection diagram.
A study of such diagrams reveals that strength beyond yielding is in
the nature of a reserve strength which may be utilized only at a cost
of large strains and deflections. For example, an addition of 5 per cent
to the load at yielding may produce final rupture, but the strains
which accompany this final increment of load may be greater than
the strains up to yielding. This effect becomes even more pronounced
when the percentage of steel is low enough to develop stresses beyond
the yield point. In fact, deflections at least ten times as great as those
at first yielding have been observed in test beams containing extremely
low percentages of steel. Approximate calculation of deflections is
discussed in the next section.
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The significant point to be brought out here is that capacity loads
must be evaluated in terms of the behavior of the structure up to
capacity. The ability of a beam to yield is a desirable one from the
standpoint of transfer of load, and because yielding gives visible evi-
dence to warn of approaching failure. A large capacity to yield is put
into columns by means of spiral steel but may be had in beams by
maintaining the percentage of steel below the critical percentage po
given by Equation (15). While it is beyond the scope of this bulletin
to present a design procedure, it may be noted that a limitation on
percentage of steel in terms of Po will automatically assure designs
which keep within the capacity of the concrete for each grade of steel.
7. Approximate Calculation of Deflection at Yielding and at Rup-
ture.-The type of beam considered here is the simply-supported beam,
reinforced in tension, and having a constant bending moment over a
considerable portion of the beam, such as the middle third. When the
product El is a constant, the maximum deflection of a beam is given
by an equation of the form
WL3
A = -- (25)
EI
where ki is a constant, W is the total load on the beam, and L is the
length of span. The constant ki may be determined for any loading.
For example,
23
ki = - for third-point loading
1296
11
ki = -- for quarter-point loading.
768
The maximum bending moment in a beam may be expressed as
M = k WL (26)
where k2 is a constant. For example,
1
k2 = - for third-point loading
6
1
for quarter-point loading.k2 = 
-8
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The equation for the deflection may then be written in the form
ki ML2  ML 2A =- 
- k--, (27)
k 2  El El
where k = ki/k 2. Thus
23
k = - for third-point loading
216
11
k = -- for quarter-point loading.
96
When the product El is constant throughout the length of the
beam, Equation (27) may be written in terms of the curvature 1/R
at the center of the beam; that is
1
A = k-- L 2. (28)
R
The constant k in this equation is the same as indicated previously
for Equation (27). In reinforced concrete beams the effect of increased
stiffness, EI, in the outer thirds or quarters of the span is to decrease
k somewhat. However, the values of k given for constant El are
satisfactory for use in approximate calculations.
Maney* expressed the curvature 1/R in the form
1 ±c + C, Ec C,
R d cc c,
where
Ec = measured compressive strain in concrete
e, = measured tensile strain in steel
d = depth of beam between gage lines
c = distance from neutral axis to gage line in concrete
Cs = distance from neutral axis to gage line in steel.
The strain in the steel when yielding begins is
E.
*G. A. Maney, "Relation Between Deformation and Deflection in Reinforced Concrete
Beams," Proc. Am. Soc. for Testing Materials, Vol. XIV, Pt. II, 1914, p. 310.
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FIG. 21. RELATIONSHIPS FOR DETERMINING DEFLECTION
AT YIELD POINT
At this stage of the test a portion of the ultimate compressive resist-
ance of the concrete has been developed, as indicated in Fig. 21.
From equilibrium and from the geometrical relationships involved,
it may be shown that the relative distance between the neutral axis
and the steel is then given by the equation
nf/V
The curvature is therefore
1 EY
R c
1 + nf-
f,
+-
and, from Equation (28), the deflection at the start of yielding is
1+f
k L2 f, 2f,
An = ------
E,d pf,1-- II
(30)
4 I
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This equation applies only when the percentage of steel is less than
the critical percentage po. Otherwise the yield point of the steel cannot
be developed.
To derive an equation for the maximum deflection of the beam at
its ultimate resisting moment, observe the strain relations given in
Fig. 12. These indicate that
1 e1 fl
R a (1 - 3) E, a
However, from Equation (7)
2d pf.
(1 + ) I"
so that
1 1 + 1 (fc//Ec)
R 1--f 2d (pf 8 /f/)
Substitution into Equation (28) gives
kL 2 1+ , (ff/Ec)
Au2t. = -. (31)
2d 1- f (pf,/f/))
In Equation (31)
f, = f, when pi < p < p0
and fs is given by Equation (23) when p is less than pi. Thus all
quantities in Equation (31) may be calculated.
From Equation (31) the large influence of the plasticity ratio /
on the deflection becomes evident. For f = 0.7 the ratio involving
1 is
1+ 3  1.7
S =- = 5.67
1 - 4 0.3
whereas for 6 = 0.8 the ratio is
1 +/ 1.8
=- = 9.0.
1 - 3 0.2
Obviously large errors may result from inaccuracies in the plasticity
ratio.
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FiG. 22. DEFLECTIONS AT YIELD POINT AND AT
ULTIMATE RESISTANCE
At the critical percentage of steel po given by Equations (15) and
(16) the steel stress is f, and
kL 2 f ( 1 nf
S= Au. = d t . (32)
E. d 1 /
While recognizing that calculations of deflection are at best only
estimates, one may obtain from Fig. 22 some idea of the general ef-
fect of percentage of steel on the deflection of a beam when other
factors remain constant. The large increase in deflection at ultimate
resistance over that at first yielding of the steel is evident for the
smaller percentages of steel. As the percentage of steel increases the
ratio Au 1t./Ay decreases until p = po, and after this A, loses its
significance, failure then being by compression of the concrete.
III. COMPARISON WITH TEST DATA
8. Comparison of Calculated and Experimentally-Determined Ulti-
mate Loads.-Many tests have been made on beams which have failed
in tension or in compression. Most of these have been described quite
fully except for some of the detailed properties of the steel which
have been noted herein as significant. Lack of knowledge of the extent
of yielding of the steel and the rate at which load again picks up is
especially unfortunate where low percentages of steel have been used.
Tests have shown that some reinforcing bars, particularly of small
size such as commonly are employed in laboratory tests of beams,
exhibit a yield point but then pick up stress almost immediately at a
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FIG. 23. 28-DAY CONCRETE STRENGTHS REPORTED FOR
TESTS BY KENNETH C. COX
tangent modulus Eo in the neighborhood of 1.0 or 1.5 million pounds
per square inch. Such action is likely to be important in beams having
less than 2 per cent of reinforcement. In other bars the amount of
yielding at constant stress is very large, the plastic strain being 10 or
20 times as great as the elastic strain.
In the absence of specific data on the stress-strain characteristics
denoted by E,' and E0 , assumptions have been made as indicated in the
tables which follow. Agreement between calculated and experiment-
ally-determined ultimate resisting moments, where such assumptions
are made, cannot be regarded as particularly significant except as to
the reasonableness of the general mode of analysis.
(a) Tests by Kenneth C. Cox, Lehigh University; Journal, Am. Conc. Inst.,
September 1941, p. 65
Data pertaining to tests by Kenneth C. Cox are given in Table 1.
The beams were in general 5 in. by 6 in. in cross-section, loaded at the
third points on a span of 45 inches. Exceptions were beams 222-5 to
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FIG. 24. COMPARISON OF THEORETICAL RESISTING MOMENTS
WITH EXPERIMENTAL DATA
222-11, inclusive, for which the depth was successively increased. Most
of the beams of intermediate strength concrete (3100 psi.) were tested
in triplicate, whereas the others were tested singly.
Some uncertainty exists with respect to the concrete strengths
which were not reported for the individual beams, but were reported
for each class of concrete. Reported 28-day strengths are given in Fig.
23, each plotted point, with one exception, representing the average of
3 cylinder tests. The one exception indicates that a substantial de-
crease in strength resulted when 24 additional vibrated cylinders were
tested and the results averaged with the reported strength based on
tests of 3 cylinders. It is presumed that these additional cylinders were
made at the same time as the beams. As a result, for the purpose of
the analysis contained in Table 1, strengths represented by the solid
line shown in Fig. 23 were adopted as representative of the average
concrete used in the beams.
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FIG. 25. COMPARISON OF THEORETICAL RESISTING MOMENTS
WITH EXPERIMENTAL DATA
Test results are indicated in the first 6 columns of Table 1. Calcu-
lated values of n, P, K, po, and p, follow, the last calculation being
based on an assumed value of e' = 0.005. Column 12 indicates the con-
dition which predicts the type of failure and which determines the
appropriate equations to use in calculating the quantity pf,/fy. It will
be noted that in every instance where the percentage of steel is greater
than po the ratio of moment at yielding to moment at rupture is unity.
This ratio, however, becomes less than unity in each series of tests at
the first percentage of steel less than po. For beam No. 223, where
p = po, some yielding was apparently noted. Columns 13 and 14 were
calculated by the appropriate formulas given in the text depending
upon the condition noted in column 12. The ratio of the ultimate re-
sisting moment determined in the test to the calculated value is given
I I I I I I I I I I I
P/ottecd Points from Tests by Kenneth C. Cox
Jour. Am. Conc. Inst, Vol. 13, Alo./, p. 6, Sept /94/ -
* /l700ps/.: f"=46OOps/. :
x fy = 53 400 psi. a . = '3 400ps/.
+ Y= 48/00 ps/ m 4 = 48/10Ops/.
"--3100 psi: = -S800 ps ."
o f/= SS ZOOpsi a f, == S3 4Opsl -
Sf = -53 400ps. A f, = 48 lOO ps/
= 600ps -------
* 
-= 48 OO psl :,
-- - - -- "10 - - -- -
-- -- - /,<I 31-- -- - -- - - -
--_ ,C ___
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FIG. 26. COMPARISON OF THEORETICAL RESISTING MOMENTS
WITH EXPERIMENTAL DATA
for each beam in column 17. These ratios vary from 0.91 to 1.08.
Average ratios for the various concrete strengths are as follows:
Series f/c  Average Ratio
psi. Mtest/MAoak.
100 1700 0.980
200 3100 0.996
300 4500 0.992
400 5800 0.994
A graphical comparison of theoretical and experimental resisting
moments from Cox's tests is given in Fig. 24, where Mult./(bd2f"') is
plotted against percentage of steel. In the theoretical curves, however,
the effect of stress above the yield point is not shown. In Fig. 25 the
same data are shown on a diagram with abscissa pf/f/c'. Here the
divergence from a single curve is predicted by the theory for the higher
values of pfj/fc'. Finally, the data are plotted in Fig. 26 where the
abscissa is pfs/fc', where f, is the calculated steel stress at failure. The
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FIG. 27. COMPARISON OF THEORETICAL RESISTING MOMENTS
WITH EXPERIMENTAL DATA
test values have been divided into three groups depending on whether
the calculated steel stress f, is less than, equal to, or greater than the
yield point. It will be noted that most test values fall within a range
of ± 5 per cent of the approximate values given by the equation
ult. P. (1
bd 2f f \
1 Pf
2 f,'
provided that f, is determined according to the conditions stated in
the text.
(b) Tests at Columbia University, "Comparative Tests of Concrete Beams
Reinforced with Isteg and Hot-Rolled Deformed Bars,"
Report No. 2507, April 1941
Results of the tests of beams reinforced with hot-rolled bars are
given in Table 2. The beams were tested on a span of 12 ft. and were
loaded at the third-points. The beams were permitted to remain in the
forms with waterproof paper coverings for two weeks, during which the
top surfaces were wet down daily. All beams were tested at the age of
28 days. Only average compressive strengths of 6-in. by 12-in.
cylinders were reported.
I ._-
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The reported stress-strain diagrams for the steel showed that, after
the yield point had been reached in the higher grade steel, stress
picked up again at a strain of 0.0037. The tangent modulus at this
point was approximately 1.8(10) 6 pounds per square inch. For the
50 000-lb. steel, assumed values of 0.005 for Ey' and 1.5(10)6 pounds
per square inch for Eo were used in analyzing the beams.
The analysis shows that the steel of series A and D should have
been stressed well above the yield point, whereas in series B and E the
stress should have been only slightly above the yield point at rupture
of the beams. However, in series C failure by compression is predicted
at stresses in the steel somewhat below the yield point.
Comparison of the ultimate resisting moments shown by test with
those calculated shows that the test results exceeded the calculated
values by about 8 per cent on the average, the variation being from
4 to 19 per cent. No satisfactory explanation of the discrepancy is
given except to note that the manner of curing the beams may be such
as to require a modification in the value of P/, or to require a modifi-
cation in the value of Vf' to be used to represent the strength of con-
crete in the beams.
A graphical representation of the results of this series of tests is
given in Fig. 27, where Mlt./(bd2f"') has been plotted against pf,/f,'
for several series of tests.
(c) Tests by Johnston and Cox, Lehigh University, 1939; Journal, Am. Cone.
Inst., Vol. 11, No. 1, September 1939, p. 65
Beams for this series of tests were loaded at the third points of a
9-ft. span. The forms were stripped after one day, and the beams were
kept in a moist room until they were 28 days old, and they were tested
at this age.
Results are given in Table 3 for the beams which were reinforced
with hard-grade deformed bars and which did not fail by diagonal
tension. In all of the beams the percentage of steel was low, resulting
in steel stresses above the yield point at rupture of the beams. Uncer-
tainty exists regarding the stress-strain characteristics of the steel
above the yield point. For the purpose of analysis it was assumed that
c' = 0.005 and Eo = 1.5 (10)6 pounds per square inch. On the basis of
these assumptions calculated steel stresses and resisting moments at
rupture were determined as given in Table 3. Ratios of Mtest to Mcalc.
varied from 0.96 to 1.12, with an average of 1.04. As noted previously,
agreement between experiment and calculations based on assumed
properties of steel cannot be regarded as particularly significant except
as to the reasonableness of the method of attack.
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FIG. 28. COMPARISON OF THEORETICAL RESISTING MOMENTS
WITH EXPERIMENTAL DATA
(d) Tests at Columbia University, 1935; Concrete and Constructional
Engineering, Vol. 32, 1937, p. 200
For this series of tests beams were supported on a 9-ft. span and
loaded at the third points. These beams were quite similar to those
tested by Johnston and Cox which have been discussed previously.
Percentages of steel were low, again resulting in steel stresses above
the yield point.
In Table 4 the beams are divided into two principal groups accord-
ing to the grade of steel. In the first group the yield point is nominally
36 000 pounds per square inch, and for this group it was assumed that
e,'= 0.010 and Eo = 1(10)6 pounds per square inch. In the second
group the yield point is nominally 56 000 pounds per square inch, and
for this group it was assumed that c,' = 0.005 and Eo = 1.5(10) 6
pounds per square inch. Based on these assumptions ultimate resisting
moments were calculated and compared with test values. Ratios of
Mtest to Mcalc. for the first group varied from 0.92 to 1.09 with an
average of 1.01. For the second group the variation was from 0.96 to
1.03 with an average of 1.01.
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ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS
(e) Tests by Slater and Lyse, Lehigh University; Proc. Am. Conc.
Inst., Vol. 26, 1930, p. 831
Twelve types of beams, highly reinforced to develop compression
failures, were tested in triplicate by Slater and Lyse. The beams were
tested on a span of 9 ft. 6 in. with the central 42 in. having a constant
bending moment. Beams and cylinders were cured in a moist room
until an age of 28 days was reached, and then they were tested to
failure.
The data given in Table 5 permit a comparison to be made of
calculated ultimate strengths with those determined experimentally.
The ratio of ultimate resisting moments, Mtest/Mcaic., varied from 0.90
to 1.10 with an average of 1.00 for a range of concrete strengths from
1390 to 5740 pounds per square inch and a range of steel percentages
from 2.1 to 5.6 per cent. According to the calculations all of the beams
were reinforced in excess of the critical percentage Po.
A graphical representation of the results is given in Fig. 28 in which
M/(bd2f"') is plotted against percentage of steel. A reasonable cor-
respondence between theory and experiment is noted. This diagram
shows also how a fortuitous choice of concrete strengths and steel per-
centages will result in a constant value of Mujt./(bd2fc') for compres-
sion failure.
(f) Tests by Richart and Jensen, University of Illinois, 1931; Univ. of Ill.
Eng. Exp. Sta., Bul. 237, pp. 36-37
Beams 6 in. wide and 10 in. deep were tested in triplicate on a span
of 8 ft. with third point loading. The beams and 6-in. by 12-in. control
cylinders were cured in a moist room and were tested at the age of
28 days.
The beams were all reinforced with about 1 per cent of steel. While
it was intended that they should fail in tension, it was not realized
when the tests were planned that the steel stresses at rupture of the
beams might be higher than the yield point. Consequently, stress-strain
data for the steel were not determined above the yield point. Analyses
reported in Table 6 show that steel stresses slightly above the yield
point were reached. Such stresses are predicted on the basis of c,' =
0.01 and Eo = 1(10) 6 pounds per square inch.
(g) Tests by Humphrey and Losse, Bureau of Standards, 1911;
Technologic Paper No. 2, Bureau of Standards, 1912
Tests were made on 333 beams 8 in. by 11 in. in cross-section, sup-
ported on a 12-ft. span, and loaded at the third points. The beams were
damp cured and were tested in triplicate at various ages.
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FIG. 29. COMPARISON OF THEORETICAL RESISTING MOMENTS
WITH EXPERIMENTAL DATA
Analyses of the beams have been made, and the results show that
in every instance the percentage of reinforcement was less than the
critical percentage po for compression failure. Actual percentages of
steel varied from about 0.5 to 2.1 per cent. In making the analyses the
concrete strength f,' was taken as 1/0.95 times that reported for 8-in.
by 16-in. cylinders.
For all the beams except those having the lowest percentage of
reinforcement, the steel stress at rupture of the beams was the yield
point. Comparison of Mu0 t./(bd2fc') with pfl/f,' is shown in Fig. 29 for
the test data and for Equation (21). Each plotted point represents the
average of 3 tests. The agreement confirms the equation,
Mult. PfY 1
bd -f ~ If\
bd 2 f' f' ~
1 pfy_
2 f'
but does not establish the limits of its applicability.
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(h) Tests by Lyse and Wernisch, Lehigh University;
Proc. Am. Conc. Inst., Vol. 33, 1937, p. 1
In this investigation tests were made on strips of slabs having a
total depth of 4 in. and a width of 34 in. The span length and the
manner of loading varied. Only the tests on a simple span with quarter
point loading are considered here. The specimens were moist cured and
were tested at an age of 28 days. An upside-down position was used in
the tests so that there was no dead-load moment at the center of the
span and a small dead-load moment at the quarter-points.
Table 7 gives data from the tests and calculated quantities based
on ey' = 0.005 and E0 = 1.5(10) 6 pounds per square inch. Concerning
physical properties of the steel, Fig. 10 of the paper gives three
"typical" stress-strain curves for reinforcement of different grades
from which approximate values have been scaled as follows:
Yield Point Strain Slope
Grade of Steel f, Eo
psi. v  psi.
Intermediate................... 48 000 0.012 0.7(10)6
Rail........................... 68 000 0.020 1.8(10) 6
High yield point................ 93 000 0.010 2.0(10)6
It is a question as to how "typical" these properties can be because of
the various bar sizes used in each grade of steel, and because of the
variability of yield points reported for the bars as used in the test
specimens. The exact nature of the stress-strain characteristics of each
type of bar is important in this series of tests because of the low per-
centages of steel used.
Due to the uncertainty with respect to the properties of the steel,
Table 8 was prepared showing calculations based on ~' = 0.01 and
various values of Eo0 as indicated in the table. From Tables 7 and 8 it
will be noted that the ratios of Mtest to Mcaic. at ultimate loads are
generally high, averaging from 1.09 to 1.16, and in particular instances
reaching values up to 1.34.
It appears, to be entirely possible that the ultimate resisting mo-
ments developed in these tests are in excess of the values which could
be calculated from the formulas given herein if actual data for the
steel were known for each beam. If this is so, a possible explanation is
as follows: The ratios of width to depth and of width to span of
specimens were relatively large. Under such circumstances stresses are
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FIG. 30. EFFECT ON f] OF INCREASING P
developed at right angles to the flexural compressive stresses. The
effect in the plastic state may be to permit greater strains to be
developed before rupture occurs. The plasticity ratio as given by the
equation
1
l .= (2)
1+
\ 4000 /
may, in this case, be too small.
On the calculated resisting moments, the effect of increasing ,P may
be determined from a study of the variation of ]8 in the equation
bd2fN f' 2 ff
In the first place, increasing P/ changes the critical percentages pi and
po between which f, = fy. Secondly, increasing p increases the calcu-
lated value of fs when p is less than p, or is greater than po. This may
be seen from a study of Fig. 30, in which the effect of changing P/ is
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shown on curves which have been drawn in the manner defined on
Fig. 15.
(i) Other Tests
Numerous other tests have been made by various investigators who
have reported beam failures in both tension and compression. European
tests are available, but have not been discussed here mainly because
of the uncertainty of fe' where cube tests alone are available. Conver-
sion factors of appreciable magnitude merely introduce further uncer-
tainties in the analyses.
The large series of tests made by the U. S. Geological Survey in St.
Louis in 1908 has been studied in so far as is possible from the partial
report given by Slater and Zipprodt in the Proceedings of the Ameri-
can Concrete Institute for 1920. The test results exhibit a wide scatter,
as might be expected from the number of variables which entered the
tests, and from the extremely low concrete strengths reported for
many of the beams.
9. Indirect Determination of Plasticity Ratio From Tests of
Beams.-The analysis of the results of tests serves to emphasize the
need for obtaining fundamental data regarding the plasticity ratio for
various states of stress, principally for unidirectional stress as in
ordinary beams.
As a method of determining /3 indirectly from compression failures
of beams, one may regard Equation (11) as sufficiently well established
to be used to calculate steel stresses at failure. That is, from Equa-
tion (11)
pf, 2 Mu.f = 1 - 1 - - = a. (33)
f"' bd2f'
However, from Equation (14), when e, = f,/E,,
1+03
pf. 2
f' (1 - ) pf.1+
np f"
or,
1+p
2
a = (1- . (34)
np
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FIG. 31. RELATION BETWEEN / AND fj' DETERMINED FROM
COMPRESSION FAILURE OF BEAMS
Solving (34) for /3 gives
1-a
S= 1 1 a (35)
2 np
Determination of a from (33), using experimentally-determined ulti-
mate resisting moments, permits finally a determination of 0 by means
of (35).
Determination of p from compression failures of beams, using
Equations (33) and (35), results in values represented by the plotted
points in Fig. 31. A considerable spread in the data expressing a rela-
tion between /8 and f,' is to be observed. This is similar to the spread
which has been observed between n or Ec and fe', and may be due to
similar causes, such as variability in density of aggregates, workability
of concrete, relative amount of voids, storage conditions, etc. A part of
the spread is due to the impossibility of duplicating exactly all condi-
tions which enter a test. The mean of the plotted points is seen to be
represented reasonably well by Equation (2).
IV. CONCLUSION
10. Summary and Discussion.-Analyses have been given for the
ultimate strengths of rectangular beams reinforced in tension only.
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These analyses are based on a conception of concrete defined in its
properties by two quantities, (1) the initial modulus of elasticity Ec
(or the modular ratio n), and (2) the plasticity ratio P/ which is
defined as the ratio of the plastic strain to the total strain of the con-
crete at rupture. Each of these quantities is a function of the com-
pressive strength of the concrete and, for workable concretes made with
ordinary aggregates of gravel or crushed stone, may be approximated
by the empirical formulas
E, 10 000
n - - 5 + , (1)E, f"
1
3 = . (2)
1 + f 2 )2
\ 4000 /
In these equations f' is the numerical value of the compressive
strength of 6-in. by 12-in. cylinders, expressed in pounds per square
inch. The physical significance of the plasticity ratio Pf is shown in
Fig. 10, where an idealized stress-strain diagram for concrete is
represented.
When the steel reinforcement has a definite yield point which per-
mits the use of an idealized stress-strain diagram for steel, as shown
in Fig. 11, two critical percentages of steel are determined as follows:
p0 = (15)
2f, (1 - ) f
1+
nf,
and
f" 1+ 0S=- +  , (19)
p 1 2f (1 - #) E,' (19)
1+
where Po is the critical percentage above which failures are by com-
pression, and pi is the critical percentage below which failures occur
at steel stresses greater than the yield point.
The ultimate resisting moment of the beam is given by the formula
M,, vf. / 1 vf. \
oa'jc; j \ iv jc /
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Practically N may be taken at a constant numerical value of 2
although the derivation gives the formula
3 (1 + 3)2N = 3 (10)
2(1 + 0+12)
from which N approaches 2 for the lower strength concretes, and
becomes slightly less than 2 for the higher strength concretes.
When p > po the failure is by compression, and
pf, 1±+1Pf (1 2) (18.1)
+ - 1 2 np(1 i )
When pi < p < po the failure is by tension in the steel, the stress in
the steel being f, at rupture of the beam; that is
Pf. _PI
When p < pi the failure is by tension in the steel, but the steel stress
at rupture of the beam exceeds the yield point; in this case
- f(A + A2 B ) (23.1)ff 2f.
wherein
A =1 1 E, f,
1 - 1 E, fo
(24)
B 2 1+13 E 2o f
p 1 - 1 E fo/
The quantities fo and E0 are defined in Fig. 11 as particular properties
of the tensile reinforcement.
In every case the relative depth to the neutral axis just prior to
rupture is given by the formula
a 2 vf.
d 1+13 f'
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For compression failures, and for tension failures with pi < p < po,
tests have shown reasonable agreement with the preceding equations.
For tension failures with p < pi detailed information regarding the
stress-strain characteristics of the steel is usually very meager, or is
lacking entirely, so that the comparisons which have been made are
not sufficiently reliable to draw any conclusions. Future tests may in-
dicate required modifications in the basic equations given herein.
With respect to the constant N in Equation (9), there is experi-
mental justification for using a value of 2 rather than a value of 1.7
such as would be obtained by using 0.85 f,' in place of f,' in de-
veloping the theory. To show this it is noted that, for compression
failures, pf,/f,' is given by Equation (18.1). According to this equa-
tion pf,/f,' approaches its maximum value of unity when Pf also ap-
proaches unity. By Equation (9), the quantity Muit./(bd2fj) then ap-
proaches a maximum value expressed by the quantity (1 - 1/N).
When N = 2 this quantity is 0.500, and when N = 1.7 it is 0.412. For
low values of fe', when /3 has its maximum value, experimental values
of Mun./(bd2f0 ') have approached 0.500 as shown in Tables 1 and 5,
or in Figs. 24 and 28. For this reason the use of the full value fc' seems
justified as the maximum stress in the trapezoidal distribution shown
in Fig. 12.
Approximate calculations of deflections at the yield point of the
steel and at the ultimate resistance of the beam may be made from
Equations (30) and (31) as discussed in Section 7. Calculations made
according to these equations explain the large deflections which, for low
percentages of steel, accompany the development of the reserve ca-
pacity of a beam beyond the load which produces yielding of the steel.
As described in Section 9, an indirect determination of the plasticity
ratio p was made from an analysis of beam tests in which compression
failures occurred. The data plotted in Fig. 31, although showing a
considerable spread, confirm the general form of Equation (2), which
expresses empirically the relationship between the compressive strength
and the plasticity ratio of concrete made with gravel or crushed stone
aggregate.
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RECENT PUBLICATIONS OF
THE ENGINEERING EXPERIMENT STATIONt
Bulletin No. 314. Tests of Reinforced Concrete Slabs Subjected to Concen-
trated Loads, by Frank E. Richart and Ralph W. Kluge. 1939. Eighty cents.
Bulletin No. 315. Moments in Simple Span Bridge Slabs with Stiffened Edges,
by Vernon P. Jensen. 1939. One dollar.
Bulletin No. 316. The Effect of Range of Stress on the Torsional Fatigue
Strength of Steel, by James 0. Smith. 1939. Forty-five cents.
Bulletin No. 317. Fatigue Tests of Connection Angles, by Wilbur M. Wilson
and John V. Coombe. 1939. Thirty-five cents.
Reprint No. 13. First Progress Report of the Joint Investigation of Continuous
Welded Rail, by H. F. Moore. 1939. Fifteen cents.
Reprint No. 14. Fifth Progress Report of the Joint Investigation of Fissures in
Railroad Rails, by H. F. Moore. 1939. Fifteen cents.
Circular No. 39. Papers Presented at the Fifth Short Course in Coal Utiliza-
tion, Held at the University of Illinois, May 23-25, 1939. 1939. Fifty cents.
Reprint No. 15. Stress, Strain, and Structural Damage, by H. F. Moore.
1940. None available.
Bulletin No. 318. Investigation of Oil-fired Forced-Air Furnace Systems in
the Research Residence, by A. P. Kratz and S. Konzo. 1939. Ninety cents.
Bulletin No. 319. Laminar Flow of Sludges in Pipes with Special Reference to
Sewage Sludge, by Harold E. Babbitt and David H. Caldwell. 1939. Sixty-five cents.
Bulletin No. 320. The Hardenability of Carburizing Steels, by Walter H.
Bruckner. 1939. Seventy cents.
Bulletin No. 321. Summer Cooling in the Research Residence with a Con-
densing Unit Operated at Two Capacities, by A. P. Kratz, S. Konzo, M. K. Fahne-
stock, and E. L. Broderick. 1940. Seventy cents.
Circular No. 40. German-English Glossary for Civil Engineering, by A. A.
Brielmaier. 1940. Fifty cents.
Bulletin No. 322. An Investigation of Rigid Frame Bridges: Part III, Tests
of Structural Hinges of Reinforced Concrete, by Ralph W. Kluge. 1940. Forty cents.
Circular No. 41. Papers Presented at the Twenty-seventh Annual Conference
on Highway Engineering, Held at the University of Illinois, March 6-8, 1940. 1940.
Fifty cents.
Reprint No. 16. Sixth Progress Report of the Joint Investigation of Fissures in
Railroad Rails, by H. F. Moore. 1940. Fifteen cents.
Reprint No. 17. Second Progress Report of the Joint Investigation of Con-
tinuous Welded Rail, by H. F. Moore, H. R. Thomas, and R. E. Cramer. 1940.
Fifteen cents.
Reprint No. 18. English Engineering Units and Their Dimensions, by E. W.
Comings. 1940. Fifteen cents.
Reprint No. 19. Electro-organic Chemical Preparations, Part II, by Sherlock
Swann, Jr. 1940. Thirty cents.
Reprint No. 20. New Trends in Boiler Feed Water Treatment, by F. G. Straub.
1940. Fifteen cents.
Bulletin No. 323. Turbulent Flow of Sludges in Pipes, by H. E. Babbitt and
D. H. Caldwell. 1940. Forty-five cents.
Bulletin No. 324. The Recovery of Sulphur Dioxide from Dilute Waste Gases
by Chemical Regeneration of the Absorbent, by H. F. Johnstone and A. D. Singh.
1940. One dollar.
Bulletin No. 325. Photoelectric Sensitization of Alkali Surfaces by Means of
Electric Discharges in Water Vapor, by J. T. Tykociner, Jacob Kunz, and L. P.
Garner. 1940. Forty cents.
Bulletin No. 326. An Analytical and Experimental Study of the Hydraulic
Ram, by W. M. Lansford and W. G. Dugan. 1940. Seventy cents.
Bulletin No. 327. Fatigue Tests of Welded Joints in Structural Steel Plates, by
W. M. Wilson, W. H. Bruckner, J. V. Coombe, and R. A. Wilde. 1941. One dollar.
tCopies of the complete list of publications can be obtained without charge by addressing the
Engineering Experiment Station, Urbana, Ill.
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Bulletin No. 328. A Study of the Plate Factors in the Fractional Distilla-
tion of the Ethyl Alcohol-Water System, by D. B. Keyes and L. Byman. 1941.
Seventy cents.
Bulletin No. 329. A Study of the Collapsing Pressure of Thin-Walled Cylinders,
by R. G. Sturm. 1941. Eighty cents.
Bulletin No. 330. Heat Transfer to Clouds of Falling Particles, by H. F. John-
stone, R. L. Pigford, and J. H. Chapin. 1941. Sixty-five cents.
Bulletin No. 331. Tests of Cylindrical Shells, by W. M. Wilson and E. D. Olson.
1941. One dollar.
Reprint No. 21. Seventh Progress Report of the Joint Investigation of Fissures
in Railroad Rails, by H. F. Moore. 1941. Fifteen cents.
Bulletin No. 332. Analyses of Skew Slabs, by Vernon P. Jensen. 1941. One
dollar.
Bulletin No. 333. The Suitability of Stabilized Soil for Building Construction,
by E. L. Hansen. 1941. Forty-five cents.
Circular No. 42. Papers Presented at the Twenty-eighth Annual Conference on
Highway Engineering, Held at the University of Illinois, March 5-7, 1941. 1941.
Fifty cents.
Bulletin No. 334. The Effect of Range of Stress on the Fatigue Strength of
Metals, by James 0. Smith. 1942. Fifty-five cents.
Bulletin No. 335. A Photoelastic Study of Stresses in Gear Tooth Fillets, by
Thomas J. Dolan and Edward L. Broghamer. 1942. Forty-five cents.
Circular No. 43. Papers Presented at the Sixth Short Course in Coal Utiliza-
tion, Held at the University of Illinois, May 21-23, 1941. 1942. Fifty cents.
Circular No. 44. Combustion Efficiencies as Related to Performance of Domestic
Heating Plants, by Alonzo P. Kratz, Seichi Konzo, and Daniel W. Thomson. 1942.
Forty cents.
Bulletin No. 336. Moments in I-Beam Bridges, by Nathan M. Newmark and
Chester P. Siess. 1942. One dollar.
Bulletin No. 337. Tests of Riveted and Welded Joints in Low-Alloy Structural
Steels, by Wilbur M. Wilson, Walter H. Bruckner, and Thomas H. McCrackin.
1942. Eighty cents.
Bulletin No. 338. Influence Charts for Computation of Stresses in Elastic
Foundations, by Nathan M. Newmark. 1942. Thirty-five cents.
Bulletin No. 339. Properties and Applications of Phase-Shifted Rectified Sine
Waves, by J. Tykocinski Tykociner and Louis R. Bloom. 1942. Sixty cents.
*Bulletin No. 340. Loss of Head in Flow of Fluids Through Various Types of
One-and-one-half-inch Valves, by Wallace M. Lansford. 1942. Forty cents.
*Bulletin No. 341. Effect of Cold Drawing on Mechanical Properties of Welded
Steel Tubing, by Winston E. Black. 1942. Forty cents.
Circular No. 45. Simplified Procedure for Selecting Capacities of Duct Systems
for Gravity Warm-Air Heating Plants, by Alonzo P. Kratz and Seichi Konzo. 1942.
Fifty-five cents.
Circular No. 46. Hand-Firing of Bituminous Coal in the Home, by Alonzo P.
Kratz, Julian R. Fellows, and John C. Miles. 1942. Twenty-five cents.
Circular No. 47. Save Fuel for Victory. 1942. Twenty-five cents.
Reprint No. 22. Eighth Progress Report of the Joint Investigation of Fissures
in Railroad Rails, by Herbert F. Moore. 1942. Fifteen cents.
Reprint No. 23. Numerical Procedure for Computing Deflections, Moments,
and Buckling Loads, by Nathan M. Newmark. 1942. None available.
*Bulletin No. 342. Pressure Losses in Registers and Stackheads in Forced Warm-
Air Heating, by Alonzo P. Kratz and Seichi Konzo. 1942. Sixty-five cents.
*Bulletin No. 343. Tests of Composite Timber and Concrete Beams, by Frank E.
Richart and Clarence B. Williams, Jr. 1943. Seventy cents.
*Bulletin No. 344. Fatigue Tests of Commercial Butt Welds in Structural Steel
Plates, by Wilbur M. Wilson, Walter H. Bruckner, Thomas H. McCrackin, Jr.,
and Howard C. Beede. 1943. One dollar.
*Bulletin No. 345. Ultimate Strength of Reinforced Concrete Beams as Related
to the Plasticity Ratio of Concrete, by Vernon P. Jensen. 1943. Seventy cents.
*A limited number of copies of bulletins starred are available for free distribution.
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